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Run-up of long waves generated by bottom-tilting wave maker
ABSTRACT
Using the recently developed bottom-tilting wave maker, run-up of very long waves are investigated on an adjustable plane beach. Both leading-elevation waves and leading-depression waves are considered, in which the experimental results are compared with the numerical solution of the nonlinear shallow water equations. A surf similarity parameter based on the steepness of the accelerating phase of the wave is suggested. It is shown that both the maximum run-up height and the theoretical breaking criterion can be described in terms of the surf similarity parameter, which is consistent to the results for the solitary waves.
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1.	Introduction
Understanding the run-up process and predicting the maximum run-up height are very important in assessing the risk of damages in the coastal area caused by tsunamis. For example, the tsunami that struck Sanriku, Japan in 1896, recorded up to 38 m of run-up height and caused 22,000 casualties (Fujii et al., 2011). The 2011 Tohoku tsunami had the maximum run-up height of about 40~m, which resulted in 16,000 casualties (Mori & Takahashi, 2012). Accordingly, the run-up of tsunamis has been one of the key research topics in the area (see e.g. Li and Raichlen, 2002; Lo et al., 2013; Madsen and Schäffer, 2010; Synolakis, 1987; Tadepalli and Synolakis, 1994).
Both the bathymetry and the wave profile affect tsunami run-up, but the research problem has often been simplified by using a solitary wave propagating from a constant depth onto a plane beach (e.g., Borthwick et al., 2006; Briggs et al., 1995; Hall and Watts, 1953; Jensen et al., 2003; Lo et al., 2013; Synolakis, 1987; Zelt, 1991). Although the classical problem has provided invaluable insights on the role of the parameters such as beach slope and wave height-to-depth ratio on the run-up, efforts have also been made to relax the restrictions by using more sophisticated bathymetry or employing waves of different profiles. For example, Didenkulova and Pelinkovsky (2011) considered run-up of long waves on a 2-dimensional beach of parabolic profile and Rybkin et al. (2014) generalised the classical solution of Carrier & Greenspan (1958) to be applied to bays of arbitrary cross-section.
Tsunamis are extremely long waves with the typical wave period of order an hour, which consist of not only crests but also troughs (Mei, 1989). The observation of the 2004 Indian Ocean tsunami confirms that the troughs exist in tsunamis (Borthwick, et al., 2006). On the other hand, a solitary wave is formed of a crest without a trough and are fully defined by a single parameter, namely wave height-to-water depth ratio in a given water depth. Accordingly, improvements or alternatives to the solitary waves have been suggested by a number of researchers. Tadepalli and Synolakis (1994) showed that large drawdown of the shoreline at the arrival of trough-led long waves could amplify the run-up of the following positive waves. More recently, Madsen et al. (2008) pointed out that solitary waves are considerably short to realistically model tsunamis and, particularly, the dependence of the effective wavelength on the wave height is not physical. Instead, they suggested a long wave model in which the effective wavelength and the wave height are independent of each other.
On the other hand, generating such long waves of diverse profiles in laboratory is a challenging task. Long waves are usually generated by a piston-type wave maker, whose wavelengths are limited by the stroke length of the piston (Lu et al., 2017a). To overcome the limitation of the traditional piston-type wave maker, a number of new wave makers have been developed recently. For example, Rossetto et al. (2011) used a pneumatic pump to release volume of water into wave basin in a controlled manner and Goseberg et al. (2013) developed a closed-circuit wave flume in which long waves are induced by currents which is again driven by bi-directional water pumps.
The authors of the present paper have also developed another new wave maker, so called bottom-tilting wave maker (Lu et al., 2017a,b), which can generate waves of various profiles with the wavelength much longer than that of the solitary wave. This two-dimensional wave maker consists of a bottom flap hinged at the toe of the beach (see Fig. 1) and the simple geometry is amenable to theoretical analysis. Lu et al. (2017b) presents both the analytical solution for the linear problem and the numerical solutions for the nonlinear problems using both the nonlinear shallow water equations (hereinafter referred as NLSW) and the Boussinesq equations. The numerical NLSW solver developed by Lu et al. (2017b) is used in the present study, which employs a high-order shock-capturing finite volume method, coupled with a computational domain mapping technique for a moving shoreline.
The bottom-tilting wave maker as well as the associated theoretical solutions provides a unique opportunity to investigate the run-up of long waves of various surface profiles. An important question to be answered is if the run-up heights can be parameterised in terms of the beach slope and the wave steepness in a similar way as for the solitary waves. For regular waves, the ratio of the beach slope to the square-root of the deep-water wave steepness is defined as the surf similarity parameter, which conveniently provides scaling laws for wave breaking (Galvin, 1968) and run-up (Battjes, 1974). Kobayashi and Karjadi (1994) and Fuhrman and Madsen (2008) applied the concept of the surf similarity parameter to the solitary wave. In particular, Fuhrman and Madsen (2008) defined it as the ratio of the beach slope to the normalised wave height with respect to the constant offshore depth. This was based on the fact that the effective wavelength of the solitary wave can be expressed in terms 

Figure 1: A schematic diagram of the bottom-tilting wave maker. A two-dimensional coordinate system is also indicated and L is the length of the moving bottom. Dashed line: the moving bottom in motion; thick solid line: wave tank after a bottom motion has been completed; dotted line: undisturbed free surface before the bottom motion; thin solid line: free surface wave being generated by the moving bottom.

of the wave height. Lo et al. (2013) further modified the surf similarity parameter to make it more consistent with the theoretical breaking criterion for solitary waves within the framework of Carrier and Greenspan (1958).
The reason that the surf similarity parameter has been successfully applied to both regular waves and solitary waves is that the profiles of those waves are fully defined by the wave steepness. However, only few have investigated the role of the wave profile on the wave run-up. Chan and Liu (2012) showed that the run-up of non-breaking waves depends on the shape of the wave front only and the decelerating phase of the wave did not make any difference. Tadepalli and Synolakis (1994) also mentioned in their study that the N-waves have the same run-up height to the solitary waves with the same front accelerating profile and wave height regardless of the decelerating phase.
The purpose of the present research is to determine if the similar approach as in Fuhrman and Madsen (2008) and Lo et al. (2013) can be used for the waves other than solitary waves in order to find a scaling law for the run-up of long waves. Also discussed in the present paper is the breaking of the long waves in regard to the surf similarity parameter. Indeed, breaking of solitary waves on a sloped beach has been discussed by a number of researchers (e.g., Fuhrman and Madsen, 2008; Grilli et al., 1997; Lo et al., 2013; Madsen and Schäffer, 2010; Synolakis, 1987), and it is also of interest to see if the breaking criterion can be defined for more general long waves.
The rest of the paper is organised as follows. The theoretical background is briefly discussed in the next section §2. §3 provides the details of the wave maker and the experimental procedure employed in the present research. Experimental results such as wave front steepness and the maximum run-up height are presented in §4. These results are further analysed and the maximum run-up height as well as the breaking of the waves are discussed in terms of the surf similarity parameter based on the wave front steepness in §5 as well as some discussion on bottom friction. Finally, concluding remarks are given in §6.
2.	Theoretical background
The coordinate system is shown in Fig. 1, in which the origin is placed at the initial undisturbed shoreline. The horizontal x axis is positive onshore, and the vertical z axis increases upward. The time axis is denoted as t. The slope of the plane beach is γ and the length of the moving bottom is L. The bottom flap moves around the hinge upwards or downwards as depicted in Fig. 1. Note that the hinge is located at the toe of the beach, minimising the dispersion of the waves propagating onto the beach. The time-varying bathymetry is h(x,t) = h0 − ζ(x,t), where h0 is the initial water depth offshore and ζ(x,t) is the bottom displacement. The free surface elevation is denoted as η(x,t). Finally, R is the run-up height which is determined as the vertical height of the wave onshore above the initial shoreline. It is remarked that the initial shoreline is located at x = 0, the toe of the beach at x = x0 = -h0/γ, and the fixed seaward boundary at x = -Γ = -(h0/γ + L). The shoreward boundary moves with the wave.
Since the displacement of the moving bottom at the far end (x = -Γ) is comparable to the water depth, it is important to include the nonlinearity in the theoretical analysis (Lu, et al., 2017a). Lu, et al. (2017b) showed that the waves generated by the bottom-tilting wave maker and their run-up are well described by the NLSW equations. The NLSW equations with a bottom friction term (Cdu|u|) in conservative form read:
		(1)
where subscripts denote partial differentiation. In the above equation, H = h + η is the total water depth, u the depth-averaged water particle velocity, g the gravitational acceleration, and Cd the drag coefficient. It is emphasized that wave breaking can only be expressed by a vertical wave front in the depth-integrated equations used herein (1), and that important influencing factors such as the turbulence generated by the physical wave breaking can only be incorporated by a parametric model. The conservative form helps deal with discontinuities in the solution (Li & Raichlen, 2002).
The equations are solved by a high-order shock-capturing finite volume scheme analysis (Lu, et al., 2017b). Based on a finite volume discretisation, the equations become
		(2)
where the variable V, the advective flux F(V) and the source term S  are denoted respectively by . The overbar above variables denotes cell average with cell Ci = [ xi-1/2, xi+1/2] centering at xi = (xi-1/2+xi+1/2)/2 where i ϵ Z (integer). The interface fluxes F(V) are approximated by high-order reconstruction methods, namely the weighted essentially non-oscillatory (WENO) scheme and discretised by Lax-Friedrichs numerical flux scheme. The numerical solver is able to deal with the discontinuities at the cell interfaces in the discrete solution.
The moving shoreline is approximated by a computational domain mapping technique developed by Zhang (1996), with the coordinate transformation defined as below:
		(3)
where (x',t') is the transformed coordinate for space and time, respectively, Γ the initial length of the horizontal domain and X(t) the shoreline position as a function of time. Note that a total reflective boundary condition is imposed at the far end of the moving bottom. Time discretization used here is a Runge-Kutta scheme of the third order with four stages as proposed by Bogacki & Shampine (1989).




where λ = t – Us/gγ, Φi(t) = ηi(x0,t), Fη(t) ≡ dΦi/dt, Fu(t) ≡ d2Φi/dt2 and
		
with t0 ≡ x0(gh0)-1/2 > 0.4T. Then, the maximum run-up height is found by Rm = max(R).
To identify the waves as either non-breaking or breaking, Madsen & Schäffer (2010) proposed the breaking criterion
		(6)
at the shoreline location. The criterion implies vertical wave front, that is, ηx approaches infinity at the shoreline.
Hereinafter, analyses and results are presented in terms of dimensionless variables. The initial water depth at the toe of the beach h0 is chosen to be the length scale:
		(7)
while time is normalised by L(gh0)-1/2:
		(8)
where A and T denote the wave amplitude and the wave period, respectively. Also, a is the maximum displacement of the moving bottom at the far end (x = -Γ), and b is the duration of the bottom motion. The time scale is chosen so that the wave arrives at the shore at t* ≈ 1. Since the wavelength is comparable to L, the dimensionless wave period is also of order 1. Finally, α = h0/L will be used to represent the different initial water depth for each of the cases, since the length of the moving bottom L is fixed in the present research.
For simplicity, asterisks denoting dimensionless variables have been dropped in the following discussions unless indicated otherwise.
3.	Experimental equipment and procedures
3.1.	Experimental setup
The experiments were carried out using the bottom-tilting wave maker in the Fluids Laboratory at the University of Dundee, Scotland. The wave tank is 2 m long, 0.11 m wide and 0.2 m deep. The tank bottom was made of clear acrylic sheets with thickness of 10 mm. The edges along the tank bottom were sealed by silicone sealant. In addition, a 2.3 m long and 0.41 m wide PVC membrane covered the inner surface of the wave tank to ensure waterproofness. Half of the tank bottom is movable and is hinged at the centre of the tank, which is also the toe of the plane beach. The moving bottom was controlled by an electrical servo motor (ANIMATICS®SM23165DT). The slope of the beach is adjustable.
An acoustic wave gauge (BANNER®U-STAGETM S18UUA) was used to measure the free surface elevation at the toe of the beach. The frequency of the wave gauge data acquisition was 50 Hz with an accuracy of ±0.5 mm.
The run-up process was recorded by a compact camera (CASIO® EXILIM ZR3500) mounted overhead of the beach and parallel to the beach. The camera can record movies at a frame rate of 30 fps and with a resolution of 640×480 pixels per frame. Grid lines with 2 cm spacing were marked on the beach so that the trajectory of the shoreline can be obtained from the recorded movies. The maximum run-up can be measured by finding the furthest location the wave front can reach. The beach was cleaned and dried before each run of experiments.
3.2.	Wave generation methods
Two types of bottom motions were used in the present study, namely the upward motion to generate leading-elevation waves and the downward-then-upward motion to generate leading-depression waves (see Figs. 2 and 3). In terms of the dimensionless variables, the topography of the problem can be described as h(x,t) = 1 − ζ(x,t) for x ≤ -1/γ and h(x,t) = -xγ for x ≥ -1/γ. The bottom motion displacement ζ within -Γ ≤ x ≤ -1/γ is given by
		(9)
for upward motion, and
		(10)
for downward-then-upward motion. The upward bottom motion starts from the initial negative displacement, namely ζ(-Γ, 0) = -a, so that the offshore has the flat bottom, that is ζ(x, b) = 0, once the wave has been generated (Fig. 2). The downward-then-upward motion starts from ζ(x, 0) = 0 (Fig. 3). To further simplify the problem, we set b2 = 2b1 = 2b. Therefore the speed of bottom motion in Eqs. 9 and 10 is constant, and the bottom motions are fully defined by the motion amplitude a and the duration time b.
It is remarked here that the ratio a/b measures the speed of bottom motion. In the present experiments, the volume of the displaced water per unit width is aL/2 for the leading-elevation waves, while it should be larger than aL/2 for the leading-depression waves depending on b because of the volume of water flowing from the beach to the lowered bottom during wave generation. Since L does not change in the present experiments, a/b is also a measure of the volume flux of the displaced water during the wave generation.
3.3.	Experimental cases




Figure 2: The upward motion of the moving bottom. Initially the bottom has a negative displacement (a) and moves upward at a constant speed until it becomes flat (b).


Figure 3: The downward-then-upward motion of the moving bottom. The motion starts from the initial flat position (a). The moving bottom is lowered at a constant speed (b) and raised at the same speed until it comes back to the initial position (c).





0.020	0.25, 0.50, 0.75, 1.00		0.22, 0.44, 0.66, 0.88
0.025	0.20, 0.40, 0.60, 0.80	             0.25, 0.50, 0.74, 0.99
0.030	0.17, 0.33, 0.50, 0.67, 0.83	0.27, 0.54, 0.81, 1.09
___________________________________________________

It is of interest to consider scale effects of the experiments by considering Reynolds number (Re) and Weber number (We). Defining Re = (gh0)1/2h0/ν and We = ρgh0L/σ respectively, where σ is the surface tension and variables are dimensional, the experimental cases in Table 1 have Re ~ O(104) and We ~ O(103). Therefore the inertia forces dominate over the viscous and the capillary forces.
4.	Results
4.1.	Long wave generation
In order to inspect the incident waves generated from different bottom motions, the early period of the free surface elevation at the hinge is shown in Fig. 4. While keeping all the other parameters the same across the cases (γ = 1/20, α = 0.03 and a = 0.67), Fig. 4 shows the comparison among the cases with different motion durations (b = 0.27, 0.54 and 1.08). Good agreement between the experimental and the numerical results is observed with the R2 values to be very close to 1, which validates the numerical model. In addition, dispersion does not seem important, which justifies the use of the NLSW equations. Note that uncertainty (±0.017 for α = 0.03) of the wave gauge resulted in some scattering of the experimental data, in particular for small-amplitude waves.
The motion type of the generation source plays an important role in determining the wave form of the resulting waves. It can be seen in Fig. 4 that upward motions give rise to leading-elevation waves while leading-depression waves are generated by downward-then-upward motions. Also observed in the figure is that the waves become more asymmetric during run-up as nonlinearity grows rapidly in decreasing water depth.





Figure 4: Comparison of the free surface elevation at the hinge between the experimental and numerical results with γ=1/20 and a=0.67 at α=0.03: dot, experimental data; solid line, numerical results. (a) upward motion; (b) downward-then-upward motion.

Figure 5: Example of incident waves for α = 0.03, a = 0.17 and b = 0.54 in semi-infinite domain of constant water depth. The time series are taken at the location of the hinge. (a) a leading-elevation wave generated by an upward motion; (b) a leading-depression wave generated by a downward-then-upward motion. Also indicated is the accelerating phase of the wave front for each type of the waves.

by downward-then-upward motion show more complicated dependence on b (see Fig. 4b). During the downward phase, water in the beach flows into the lowered bottom, which is then displaced by the following upward motion. In other words, the volume of the displaced water now depends on both a and b. The increase in the volume of the displaced water results in the growth of both the wave height and the wave period. The accelerating phase (trough to crest) can become steeper if the effects of the increased wave height (i.e. nonlinearity) dominate over those of the increased wave period.
4.2.	Incident waves and the wave front steepness
The incident wave profile ηi(x0,t) is needed for later analyses of the experimental results at least for two reasons: (i) ηi(x0,t) is used to calculate the run-up in Eq. (5); and (ii) the surf similarity parameter for either regular waves (Battjes, 1974; Galvin, 1968) or solitary waves (Fuhrman & Madsen, 2008; Kobayashi & Karjadi, 1994) has been defined with respect to the offshore wave steepness.
Examples of incident waves in constant water depth in semi-infinite domain calculated by both the analytical solution given in Lu et al. (2017b) and the NLSW equations are presented in Fig. 5. For the small amplitude waves shown in the figure, the linear analytical solution agrees well with the nonlinear numerical solution, although it is still observed that the weak nonlinearity leads to a visible asymmetry. With the good performance of the numerical results demonstrated in Figs. 4 and 5, the NLSW equations  will be used, hereinafter, when ηi(x0, t) is needed.
Also noticed in Fig. 5 is that the wave period is not well defined for the waves generated for the present research. On the other hand, the accelerating phase of the wave can be clearly identified, which is indicated in the figure. The wave front steepness κ is defined as
		(11)
for the leading-elevation wave and
		(12)
for the leading-depression wave, respectively. In Eqs. 11 and 12, ηi = max(ηi) at t = tc, and ηi = min(ηi)  at t = tt. In the present paper, it is suggested that the steepness of the accelerating phase (or the wave front steepness) is to be used in defining the surf similarity parameter. The surf similarity parameter ξ is defined as
		(13)
The wave front steepness κ of all the experimental cases are obtained using the numerical solutions of the NLSW equations in a semi-infinite wave tank and presented in Fig. 6. Greater motion amplitude leads to steeper wave front, for both leading-elevation and leading-depression waves. Wave front steepness decreases with increasing motion duration for the leading-elevation waves, but there is no monotonic dependence that relates κ and b for the leading-depression waves for the similar reason discussed with regards to Fig. 4b.
For later use, the wave amplitude of the incident wave A is also defined here as below:
		(14)
for the leading-elevation wave and
		(15)
for the leading-depression wave, respectively.


Figure 6: Wave front steepness κ against varying a and b. (a) upward motion; (b) downward-then-upward motion.
4.3.	Run-up process on the plane beach
Run-up processes of the incident waves in Fig. 5 on a beach with the slope γ = 1/20 are presented in Fig. 7. The wave generated by an upward motion in Fig. 7a is a leading-elevation wave, which uprushes the slope as soon as it arrives at the beach. On the other hand, the leading-depression wave in Fig. 7b, created by a downward-then-upward motion, first draws back before it advances up the beach as observed by some field investigations (e.g. Borthwick et al., 2006).
The upper panels in Fig. 7a and Fig. 7b, respectively, are the time histories of the free surface elevation measured at the hinge (or toe of the beach, i.e. x = x0). For the small-amplitude wave with α = 0.03, a = 0.17 and b = 0.54 in Fig. 7, the analytical solution of the linear wave theory  (Lu et al., 2017b) and the numerical model agree well with each other up to t ≈ 1, that is, before the reflection from the beach gives rise to nonlinear effects. The numerical solution of the NLSW equations shows good agreement with the measured data even for t > 1. Note that the slight oscillations in the numerical results are caused by the moving domain which makes it difficult to locate the hinge exactly at each time step.
The lower panels in Figs. 7a and 7b, respectively, demonstrate comparisons of the time history of the run-up height between the experimental and the theoretical results. The incident wave in the constant depth calculated by the linear theory (see Fig. 5) is used as the input for the analytical solution of the run-up height in Eq. (5). The difference between the two theoretical methods is due to ignoring nonlinearity of the linear solution. It is reminded that the run-up R is normalised by the offshore water depth, and the amplification factor of the maximum run-up height Rm to the wave amplitude A is discussed in the next section. Note that no friction term is considered for either of the theoretical methods used here, which clearly overestimate the run-up height compared to the experimental data. More discussion on the friction factor is also presented in the next section.





Figure 7: Comparison of run-up process between the theoretical results and the measurements for the cases with α = 0.03, a = 0.17 and b = 0.54 at slope γ = 1/20. The upper panels in both (a) and (b) are the free surface elevation time history at the hinge, and the lower panels are the run-up height time history. Solid line, dashed line and dots denote numerical results, analytical solutions and experimental measurements, respectively.

Figure 8: Run-up process of the wave generated by the upward bottom motion with α = 0.03, a = 0.67 and b = 0.54 at slope γ = 1/20: Solid line, numerical results; dashed line, tank bottom; solid diamond, experimental data for the shoreline.





Figure 9: Run-up process of the wave generated by the downward-then-upward bottom motion with α = 0.03, a = 0.67 and b = 0.54 at slope γ = 1/20: Solid line, numerical results; dashed line, tank bottom; solid diamond, experimental data for the shoreline.
4.4.	The maximum run-up height
The maximum run-up height Rm can be obtained by recording the greatest value of the run-up height time-history, that is Rm = max(R). The experimental results of the maximum run-up height of the long waves on the plane beach with the slope γ = 1/20 are plotted against the bottom motion amplitude a and the motion duration b in Fig. 10 for upward bottom motion and Fig. 11 for downward-then-upward motion. It is observed in Fig. 10 that Rm for the leading-elevation waves increases with increasing motion amplitude but decreases with increasing motion duration. On the other hand, the maximum run-up height for the leading-depression waves in Fig. 11 increases with both a and b. Lu et al. (2017a) reported that the wave amplitude of the incident waves in a semi-infinite domain with constant depth shows a similar behaviour as observed for Rm in Figs. 10 and 11.

Figure 10: The maximum run-up height plotted against varying a  and b with γ = 1/20 for upward motions.

Figure 11: The maximum run-up height plotted against varying a  and b with γ = 1/20 for downward-then-upward motions.

Figure 12: Experimental data of the maximum run-up height of the generated waves by downward-then-upward motions plotted against b with a = 0.67, a = 0.8 and a = 1.0, respectively, on different slopes: solid square, γ = 1/25; solid triangle, γ = 1/20; dot, γ = 1/15.

Notice that the dependence of the maximum run-up on the generation parameters a and b are similar for the cases with different bottom slopes. Examples are presented in Fig. 12, in which it is observed that the waves considered in the present research show greater Rm on a milder slope.
5.	Further analyses and discussion
5.1.	Amplification factor
In the previous section, it has been noted that the maximum run-up height Rm and the wave amplitude of the incident wave A show similar dependence on the generation parameters. To clearly demonstrate the observation, Fig. 13 presents the maximum run-up height plotted against the wave amplitude. It is remarkable that Rm increases almost linearly with A. By fitting linear lines to the data, the amplification factor (Rm / A) is found to be 2.23 for the leading-elevation waves and 1.91 for the leading-depression waves, respectively.


Figure 13: Maximum run-up height plotted against wave amplitude: circle, slope=1/15; triangle, slope=1/20; square, slope=1/25; solid line, fitted linear line with the corresponding equation indicated in the figure; asterisk, experimental results by Synolakis (1987). Solid symbols indicate breaking waves, and the hollow symbols are for non-breaking waves.
Also plotted in the figure are the experimental data obtained by Synolakis (1987) for the solitary waves on a slope of γ = 1/19.85. For higher-amplitude waves (A > 0.2 ~ 0.3), the long waves generated in the present research exhibit larger amplification factor compared to that of the solitary wave, and the difference grows with increasing A. This result may have significant implication in risk analysis related to tsunamis, which also supports Madsen et al. (2008) in their argument that more realistic model tsunami waves are to be used rather than the solitary waves.
Finally, based on the linear breaking criterion given in Eq. (6), each experimental case is classified either into breaking or non-breaking wave, which are also shown in Fig. 13. The linear relationship between Rm and A is seemingly unaffected by the breaking of the waves. However, it is remarked that this classification is not based on the experimental observation, which requires further investigation in the future.
5.2.	Surf similarity parameter
Figure 14 shows the amplification factor (Rm /A) plotted against the surf similarity parameter ξ. For the cases considered in the present research, Rm /A decreases with increasing ξ, for both leading-elevation and leading-depression waves. This result is consistent with that of Lo et al. (2013) especially their results for non-breaking solitary waves (Fig. 5 in their paper). Indeed, the experimental cases of the present paper are classified as non-breaking waves or at the transition between the breaking and the non-breaking waves according to the linear breaking criterion given in Eq. (6), which is also shown in Fig. 14.
For breaking waves with smaller ξ, it is expected that an opposite trend may be found as in the case of breaking solitary waves (Fuhrman & Madsen, 2008; Lo et al., 2013). However the smaller ξ implies either milder slope or higher amplitude, both of which require much longer wave tank. Accordingly, a new wave tank with a modified wave maker and much longer length is under construction at the University of Dundee, and more experiments will be reported in the near future.
It is also noticed that the surf similarity parameter seems to be a good breaking criterion. Both leading-elevation and leading-depression waves remain non-breaking for ξ > 1, and they break for ξ < 0.7. Again more experiments with the new wave maker are needed to validate this observation.
5.3.	Bottom friction
It is noticed that the theoretical results overestimate the run-up compared to the experimental data. By including the friction term, the numerical results show better agreement with the experimental data, as shown in Fig. 15, which corresponds to the cases in Figs 8 and 9.


Figure 14: Ratio of the maximum run-up height to the wave height plotted as a function of the surf similarity compared: circle, slope=1/15; triangle, slope=1/20; square, slope=1/25; hollow, non-breaking waves; solid, breaking waves.


Figure 15: Comparison of the run-up/run-down time-history for waves with α = 0.03, a = 0.67 and b = 0.54 at slope of 1/20: solid line, numerical results with bottom friction considered; dashed line, numerical results without bottom friction considered; cross, experimental data; solid diamond, experimental data shown in Figs 8 and 9; dot, phase-shifted experimental data.
A quadratic form Cdu|u| is used in conservative form in Eq. (1) to describe the friction term. A constant drag coefficient Cd = 0.025 is applied in the present study. The numerical model matches the maximum run-up height reasonably well as the peak of the numerical results (solid line) agrees that of the experimental data (solid diamond). However a phase lag between the numerical results and the experimental data is observed. When the experimental data are shifted to cancel the phase lag, the numerical results agree very well with all the experimental data as indicated by the dots in the figure. However the phase lag is different for each case and it was not easily described by a simple function. This result illustrates the limitation of the simple bottom friction term in Eq. (1), which requires further investigation.
Indeed, temporal and spatial variation of the friction coefficient in the swash zone was directly measured by Barnes et al. (2009). In their results, the friction factor was markedly different between during run-up and run-down and it was also dependent on local Reynolds number as well as the bottom surface roughness. The phase lag noticed in the present research shown in Fig. 15 is due to the fact that a constant friction factor is used in the numerical simulation, while in fact the friction factor changes as a function of both space and time. Nevertheless, Fig. 15 demonstrates that the friction term in Eq. (1) with a constant value for the friction factor is still useful in estimating the maximum run-up height, which is of important engineering value.
6.	Conclusions
In the present study, the run-up of long waves on a plane beach has been investigated both experimentally and numerically. Motivated by the question arising in recent research on the solitary wave paradigm for modelling tsunamis, the bottom-tilting wave maker has been used to generate waves that are much longer than solitary waves for a given wave height-to-water depth ratio.
Both leading-elevation and leading-depression waves were considered and their run-up as well as the breaking criterion are presented in terms of the surf similarity parameter. It has been clearly shown that the surf similarity parameter provides a very useful framework for describing the evolution of the long waves on the plane beach. Since the vast amount of previous research on solitary waves can also be efficiently summarised using the surf similarity parameter, the present result provides a unified approach to combine and to generalise the results from different kinds of long waves.
On the other hand, the present research also identified a number of remaining challenges. Although it is known from the results of both regular and solitary waves that the surf similarity parameter describes better the run-up of breaking waves, the present research could only deal with non-breaking or waves that are about to break. Gentler beach slope or larger wave height would be needed to generate breaking waves, both of which require a larger wave tank. This limitation is also connected to the difficulty that was encountered in dealing with the bottom friction. The bottom friction is bound to become dominant in the vicinity of the shoreline, and its effect on run-up height would be larger for the smaller-scale wave tank. In order to generalise the results obtained in the present study, more experiments need to be carried out especially in a larger-scale facility. In a continuing effort to overcome the difficulty, a bigger wave tank with two vertically moving bottom segments is under construction and more results will be reported.
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Notation
A = wave amplitude (m)
a = bottom motion amplitude (m)
b = bottom motion duration time (s)
Cd = drag coefficient
F = advective flux term
g = gravity acceleration (ms-²)
H = total water depth (m)
h = water depth under the static water line (m)
h0 = constant water depth (m)
L = length of the tilting bottom (m)
R = run-up height (m)	
Re = Reynolds number 
Rm = maximum run-up height (m)
S = source term
T = wave period (s)
t = time (s)
Us = shoreline velocity (ms-1)
u = depth-averaged water particle velocity (ms-1)
V = variables
We = Weber number 
x = horizontal axis
z = vertical axis
 = initial water depth ratio
Γ = length of initial computational domain (m) 
γ = beach slope
ζ = bottom motion displacement (m)
η = free surface elevation (m)
κ = steepness of the accelerating phase (ms-1)
χ = surf-similarity parameter
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